We study local conservation laws and corresponding boundary conditions for the potential Zabolotskaya-Khokhlov equation in (3+1)-dimensional case. We analyze an infinite Lie point symmetry group of the equation, and generate a finite number of conserved quantities corresponding to infinite symmetries through appropriate boundary conditions.
Introduction
The Zabolotskaya-Khokhlov equation [ 
describes the propagation of a confined three-dimensional sound beam in a slightly nonlinear medium without absorption or dispersion. Classical symmetries of the ZabolotskayaKhokhlov (Z-K) equation and some invariant solutions were found in [V-K-L], and [Schwarz] , (see also [Sharomet] ). Similarity solutions of the Z-K equation (in two dimensions) were obtained in [Korsunski] 2) was studied in [Kucharczyk] and [Sukhinin] ; see also [Ibragimov 83 ]. An infinite set of continuity equations for the equation (1.2) constructed by a formal application of First Noether Theorem to its infinite symmetry group, without regard to boundary conditions was derived in [Ibragimov 72 ], see also [Ibragimov 83] , and the basis of these conservation laws has been obtained in [Khamitova] . It was shown in [Rosenhaus 02a] however, that symmetries with arbitrary functions of time can lead only to a finite number of essential conservation laws (with non-vanishing conserved densities), and each essential conservation law corresponds to a specific boundary conditions. Local essential conservation laws for the equation of 2-dimensional transonic gas flows were obtained in [Rosenhaus 02b ].
In the present paper we generate essential conservation laws of potential ZabolotskayaKhokhlov equation (1.1) . Following the approach proposed in [Rosenhaus 02a], we construct a finite set of conserved quantities for the equation (1.1) associated with its infinite symmetry subgroups. Each conservation law corresponds to a specific choice of an arbitrary function in the group generators, which determines the appropriate boundary condition. We also find boundary conditions for conserved densities corresponding to finite Lie symmetries.
Infinite Symmetries and Essential Conservation Laws
By a conservation law for a differential system
is meant a continuity equation
(K i are smooth functions) which is satisfied for any solutions of the original system. We will exclude from consideration trivial conservation laws [Olver] , for which the components of the vector K i vanish on the solutions: K i . = 0, (i = 1, . . . , m+1), or the continuity equation is satisfied in the whole space: D i K i = 0. Let us further reduce the set of conservation laws to essential conservation laws. By an essential conservation law [Rosenhaus 03 ], we will mean such non-trivial conservation law D i K i . = 0, which gives rise to a non-vanishing conserved quantity
be the action functional, where L is the Lagrangian density, x i = (x 1 , x 2 , ...x m , t). Then the equations of motion are
where E is the Euler-Lagrange operator
Consider an infinitesimal transformation with the canonical operator
(summation over a is assumed). Variation of the functional S under the transformation with operator X α is
where M i are smooth functions. In the future we will use the Noether identity [Rosen] , see also [Ibragimov 83] or [Rosenhaus 02a ] for a version used here):
Applying the Noether identity (2.7) to L, and combining with (2.6) and (2.8) we will obtain
The equation (2.9) applied on the solution manifold (ω = 0, D i ω = 0, . . .) leads to a continuity equation
Thus, any 1-parameter variational symmetry transformation α (2.6) leads to a conservation law (2.10) (the First Noether Theorem) with the characteristic α. The Second Noether
Theorem [Noether] deals with a case of an infinite variational symmetry group where the symmetry vector α is of the form 11) and p(x) is an arbitrary function of all base variables of the space. According to the Second Noether Theorem [Noether] infinite variational symmetries with arbitrary functions of all independent variables do not lead to non-trivial conservation laws but to a certain relation between equations of the original differential system (meaning that the system is underdetermined). A general situation when p(x) is an arbitrary function of not all base variables was analyzed in [Rosenhaus 02a] . In this paper, we will be mostly interested in the case of arbitrary functions of time γ(t). Consider a variational (Noether) symmetry α of the form
For a Noether symmetry transformation X α we have
Therefore, the following conditions for M i (Noether boundary conditions) should be satisfied [Rosenhaus 02a ]
Equations (2.14) are usually satisfied for a "regular" asymptotic behavior, u, u i → 0 as x → ±∞, or for periodic solutions. Let us consider now another type of boundary conditions related to the existence of local conserved quantities. Integrating equation (2.10) over the space (x 1 , x 2 , . . . , x m ) we get
Applying the Noether boundary condition (2.14) and requiring the LHS of (2.15) vanish on the solution manifold we obtain the "strict" boundary conditions [Rosenhaus 02a ]
In the case L = L(x, u, u j ), strict boundary conditions (2.16) take a simple form
In order for the system to possess (Noether) local conserved quantities, both Noether (2.14) and strict boundary conditions (2.16) have to be satisfied. In this case corresponding Noether conservation law can be found in the form
from (2.18), we obtain
where
Since γ(t) is arbitrary we get
Obviously, equations (2.21), in general, determine not a system of conservation laws but additional constraints. Thus, Noether symmetries (empowered by strict boundary conditions) with arbitrary functions of time instead of conservation laws lead to a set of additional constraints imposed on the function u and its derivatives. Therefore, the satisfaction of the strict boundary conditions (2.16), along with the Noether boundary condition (2.14), becomes critical in the sense of avoiding additional constraints (2.21). Correspondingly, we have three possible situations: 1) Strict boundary conditions (2.16) (or (2.17)), along with the Noether boundary condition (2.14), can be satisfied for arbitrary function γ(t). Then the system (2.21), as a consequence of an infinite symmetry (2.12), provides additional constraints that the function u and its derivatives must satisfy. No conservation laws are associated with the symmetry.
2) Strict boundary conditions (2.16) along with the Noether boundary condition (2.14), can be satisfied for some particular functions γ(t). In this case the (finite) symmetry (2.12) will lead to the Noether conservation law (2.18) in agreement with the First Noether Theorem. Additional constraints (2.21) do not appear.
3) Strict boundary conditions cannot be satisfied for any functions γ(t). In this case a consequence of an infinite symmetry (2.12) will be the fact that the solutions of the original differential equation with the boundary conditions (2.14), (2.16) do not exist.
Therefore, in order to avoid additional constraints (2.21) we have to find some particular functions γ(t) (if they exist) leading to different boundary conditions than the ones in general case (when function γ(t) is arbitrary) [Rosenhaus 02a ]. Each choice of such function γ(t) gives rise to a respective conserved quantity. Let us apply the approach above for finding non-vanishing conserved densities of the potential Zabolotskaya-Khokhlov equation (1.1) with boundary conditions on the infinity.
Essential Conservation Laws for Potential Z-K Equation
The Lagrangian function of the equation is
The Lie point symmetry group of the equation is formed by the following operators:
2)
where γ(t), f (t), h(t) are arbitrary functions. Let us analyze infinite subgroups of the symmetry group (3.2). In order to apply the approach above we have to rewrite our symmetry operator in canonical form. For an operator
a corresponding canonical operator will take a form
Conserved densities associated with X γ
We will start with the symmetry X γ and find corresponding conserved densities ([Rosenhaus 05]) 6) γ(t) is arbitrary. We have
The form of Noether and strict boundary conditions depends on the function γ(t).
A. γ(t) is arbitrary
Noether boundary conditions (2.14) for X α are
Strict boundary conditions (2.17) take the form
Thus, for the case of arbitrary γ(t) we have the following boundary conditions:
No local conservation laws are associated with the Noether transformation X α (3.6) for arbitrary γ(t).
Let us consider now some specific forms of γ(t) for which we can weaken our boundary conditions (3.8)-(3.9) in order to avoid restrictions (2.21). Strict boundary conditions, in addition to (3.11) will have
According to (2.18) we will get the following conservation law:
(conservation of the x−component of momentum P x ). Corresponding continuity equation (2.10) has the form
C. γ ′′ (t) = 0 , γ(t) = at , a = const = 0.
Noether conditions are
For strict boundary conditions we get
The conservation law associated with the boundary conditions (3.15)-(3.16) takes the form
As we can see, strict boundary conditions (3.16) together with Noether conditions (3.15) determined a nontrivial conservation law (3.17) with the characteristic α = x + tu x .
D. γ ′′ (t) = 0
In this case Noether and strict boundary conditions have the same form (3.8), (3.9) as in case A. and lead to no essential conservation laws.
Conserved densities associated with
f (t) is arbitrary function. For a corresponding canonical operator X α we get
Calculating X α L we obtain
As in the previous case the form of strict and Noether boundary conditions depend on the function f (t).
A. f (t) is arbitrary.
¿From the Noether and strict boundary conditions we will get
No local conservation laws are associated with the Noether transformation X α (3.18) with arbitrary function f (t). Let us consider now some specific forms of f (t) for which we can weaken boundary conditions (3.21) .
We have
Noether conditions look as follows:
The strict boundary conditions have a form
According to (2.18), the associated conservation law has a form: (3.25) and the characteristic α = u y . Expression (3.25) is a conservation of y-component of the momentum of the system, P y with regular boundary conditions (3.23)-(3.24).
and the strict boundary conditions (2.17) read
Boundary conditions (3.27)-(3.28) are weaker than the ones for the general case (3.21), and from (2.18) we obtain the following conserved quantity
Noether boundary conditions are
The strict boundary conditions read
Thus, the boundary conditions for this case, (3.31)-(3.32) are weaker than in the general case (3.24). The following conservation law (2.18) is associated with the symmetry X α (3.19):
In this case Noether and strict boundary conditions have the same form (3.21) as in case A. and lead to no essential conservation laws.
Conserved densities associated with X h
Note that the symmetry operator
where h = h(t) is arbitrary function can be obtained from X f by the interchange y ↔ z. Therefore, from the analysis of X f we obtain the following cases:
No local conservation laws are associated with the Noether transformation X α (3.34) with arbitrary function h(t).
The associated conservation law has a form:
(conservation of z-component of the momentum of the system, P z ) with relatively relaxed boundary conditions
We get
with the boundary conditions
The associated essential conservation law (3.39) corresponds to the following boundary conditions:
As earlier, this case leads to no essential conservation laws.
Conservation Laws Associated with Finite Symmetries
Let us discuss now boundary conditions and essential conservation laws of the equation (1.1) corresponding to its finite symmetries:
Clearly, X 1 is a Noether symmetry and
Thus,
see (2.6) and (2.8). The continuity equation (2.10) here reads
( [Khamitova] ). The associated conservation law (of energy) (2.18)
corresponds to the following boundary conditions: Noether conditions (2.14)
and strict boundary conditions (2.17)
therefore, X 2 is a Noether symmetry and
Thus (see (2.6)),
The continuity equation (2.10) here is
The associated conservation law (2.18)
corresponds to the following boundary conditions: Noether conditions (2.14) and (partially overlapping with them) strict boundary conditions (2.17)
and X 3 is a non-Noether transformation.
The conservation law (2.18) in this case is:
(according to [Khamitova] 
Conclusions
We have generated a finite number of conserved densities for the (3+1)-dimensional potential Zabolotskaya-Khokhlov equation (1.1), associated with its infinite Lie point symmetries. We have found those continuity equations for the potential Z-K equation (out of an infinite set of all possible continuity equations, corresponding to its infinite symmetry group [Ibragimov 83] ) that lead to non-vanishing conserved densities (essential conservation laws): (3.13), (3.17), (3.25), (3.29), (3.33), (3.35), (3.39), (along with (4.7), (4.17), (4.24), (4.29)). Each essential conservation law is related to a specific boundary condition. As expected ([Rosenhaus 02a]) symmetries with arbitrary functions of t lead to essential local conservation laws only in special cases when boundary conditions are weaker than those in general case. We have derived boundary conditions corresponding to our essential conservation laws and have shown that for potential Zabolotskaya-Khokhlov equation known conservation laws of momentum and energy (3.13), (3.25), (3.35), (4.7)) correspond to the weakest boundary conditions, with vanishing (or periodic) function and its derivatives on the boundary (infinity). Other essential conservation laws were demonstrated to have stricter asymptotic behavior.
